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In this article, we study topological and noninertial effects on the motion of the two-dimensional Dirac os-
cillator in the presence of a uniform magnetic field and the Aharonov-Bohm potential. We obtain the Dirac
equation that describes the model. Expressions for the wave functions and energy spectrum are derived. The
energy spectrum of the oscillator as a function of the various physical parameters involved in the problem is
rigorously studied. Finally, we present some analogies between our results and others of the condensed matter
physics.
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I. INTRODUCTION
The harmonic oscillator model plays a crucial role in the
comprehension of many phenomena in both classical mechan-
ics and nonrelativistic quantum mechanics. A relevant ques-
tion involving this model consists in thinking about how to
make its appropriate description in the scenario of relativistic
quantum mechanics. Initially, It, Mori, and Carrieri, by using
the minimal substitution, introduced a linear dependence in
the radial coordinate into the Dirac equation [1]. They showed
it leads to a harmonic oscillator with strong spin-orbit cou-
pling. Posteriorly, Moshinsky and Szczepaniak revived the in-
terest on this issue. By employing the same minimal substitu-
tion procedure, they named this system as the Dirac Oscillator,
because in the nonrelativistic limit it becomes the usual quan-
tum harmonic oscillator containing a spin-orbit term [2]. Fol-
lowing this same idea, the full energy spectrum of the Dirac
oscillator was also obtained in connection with the supersym-
metry [3]. A similar strategy was adopted in the context of
the Klein-Gordon equation, originating the model known as
Klein-Gordon oscillator [4].
After these initial steps, several fundamental features of
the Dirac oscillator were examined. For instance, the covari-
ance, CPT properties, and the Foldy-Wouthuysen transforma-
tion were studied [5]. Other important contributions such as
aspects regarding the Lie algebra involved in the model [6],
shift operators [7] and algebraic properties [8] were exam-
ined. The Dirac oscillator was also resolved considering two
spatial dimensions [9, 10]. Years later, this same problem was
reexamined and it was shown that the degeneracy of the en-
ergy spectrum can occur for all possible values of the quan-
tum number m [11]. The construction of a coherent state for
the Dirac oscillator also it was studied [12]. A physical in-
terpretation was provided and the Lorentz covariance of the
interaction term of the Dirac oscillator was examined [13].
The completeness of its eigenfunctions it was proved in [14],
and the matrix elements of physical quantities were obtained
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[15]. The Dirac oscillator was also studied in a noncommu-
tative spacetime [16]. In the context of recent contributions,
the Dirac oscillator was analyzed taking into account a sce-
nario with position-dependent mass [17] and the inclusion of
time-reversal symmetry [18].
The connection of the Dirac oscillator with accessible ex-
perimental models also has attracted attention in the literature.
An example of this is a comparison between the JaynesCum-
mings model and the dynamics of the Dirac oscillator [19]. It
was showed that the spin-orbit coupling can produce entan-
gled degrees of freedom in the Dirac oscillator. Also, an ion-
trap experimental proposal it was reported [20]. In [21], it was
presented a classic wave optics analog of a one-dimensional
Dirac oscillator. A study focused on the Zitterbewegung be-
havior of Dirac oscillator it was reported in [22]. An experi-
mental realization of the one-dimensional Dirac oscillator was
implemented by using a microwave system [23]. A connec-
tion between the Dirac oscillator and graphene physics also it
was established by using the approach of effective mass [24].
In Quantum Mechanics, we often are interested in study-
ing the effect of electromagnetic potentials on the quantum
dynamics of a given system. It has been done in the con-
text of the Dirac oscillator. The two-dimensional Dirac os-
cillator in the presence of a constant magnetic field [25]
and the Aharonov-Bohm potential were investigated [26]. A
path-integral formulation for the problem of a Dirac oscil-
lator in the presence of a constant magnetic field was pre-
sented in [27]. The construction of coherent states for the
(2 + 1)-dimensional Dirac oscillator coupled to an exter-
nal field also was considered [28]. In [29], it was estab-
lished a connection between the Dirac oscillator and the Anti-
JaynesCummings model and Landau levels are obtained ex-
plicitly. The problem of a three-dimensional Dirac oscillator
subjected to Aharonov-Bohm and magnetic Monopole poten-
tials it was addressed in [30]. The appearance of a relativistic
quantum phase transition was reported to the Dirac oscillator
interacting with a magnetic field in the case of a usual oscil-
lator [31] and the noncommutative oscillator [32]. Thermal
properties of the Dirac oscillator in this context also were in-
vestigated [33, 34]. In [35], the Dirac oscillator was analyzed
in the presence of a magnetic field in an Aharonov-Bohm-
Coulomb system.
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2Another pertinent aspect of studying quantum systems is
related to incorporate the influence of geometry in physical
properties of interest. In this context, we can be interested
in analyzing how the presence of curvature, for example, can
affect a given system [36]. Besides, we can explore the quan-
tum dynamics of a system when it is immersed in a space-
time having a topological defect [37]. It is also a relevant
issue since topological defects can take place in many physi-
cal systems, covering research areas such as Cosmology [38]
and Condensed Matter Physics [39]. The Dirac oscillator in
topological defects backgrounds has been investigated in sev-
eral scenarios. For instance, the energy spectrum [40] and
coherent states [41] for the case of a cosmic string spacetime
were investigated. The Dirac oscillator interacting with an
Aharonov-Casher system in the presence of topological de-
fects was studied in [42]. The cosmic string spacetime was
considered to the formulation of a generalized Dirac oscillator
[43], and also in the case of the Dirac oscillator in the context
of spin and pseudospin symmetries [44].
Besides the influence of electromagnetic interactions and
topological defects, noninertial effects are associated with im-
portant contributions to the dynamics of a system. More
specifically, such effects can be related to Hall quantization
[45], geometric phases [46], spin currents [47] and modifica-
tions in the energy spectrum of a system [48]. Focusing our
attention on the Dirac oscillator again, it was analyzed in a
rotating frame of reference in [49]. Also, the combined influ-
ence of topological defect and noninertial effects in the Dirac
oscillator has been investigated. In [50], for instance, it was
considered a spinning cosmic string spacetime, and the eigen-
functions and energy levels were obtained. Topological and
noninertial contributions also were analyzed in the case of the
AharonovCasher effect [51].
Then, examining simultaneously electromagnetic, topolog-
ical, and noninertial effects on the motion of the Dirac os-
cillator it is also a valid discussion and is a generalization of
other studies in this context in the literature. From this motiva-
tion, the aim of the present manuscript consists in describe the
problem of a Dirac oscillator in the presence of a topological
defect, rotation, and external magnetic fields. More precisely,
we solve the problem of the Dirac oscillator in the spinning
cosmic string background taking into account the presence of
the Aharonov-Bohm potential and a uniform magnetic field.
The organization of the paper is as follows. In Sec. II, we
make a brief review of the elements necessary to write the
Dirac equation in curved time. We define the magnetic field
configuration and the substitution that allows the inclusion of
the Dirac oscillator in the model. Using an appropriate ansatz,
we obtain the motion equation describing the Dirac oscilla-
tor in the spinning cosmic string background in the presence
of Aharonov-Bohm potential and uniform magnetic field. In
Sec. III, we derived the corresponding radial equation of mo-
tion. We solve this equation and obtain the eigenfunctions
and the energy spectrum of the oscillator. We make a rigorous
inspection to understand how the physical parameters associ-
ated with the topological defect, rotation, magnetic field, and
Aharanov-Bohm potential affect the energy spectrum of the
Dirac oscillator. To make our realization clearer, we make sev-
eral energy sketches as a function of the parameters involved.
In Sec. IV, we present some similarities between our results
and a model for Topological Insulators in Condensed Matter
Physics. The paper is summarized and concluded in Sec. V.
In this article, we employ natural units, ~ = c = G = 1.
II. DIRAC EQUATION IN THE SPINNING COSMIC
STRING SPACETIME
The goal of this section is to obtain the equation that de-
scribes the motion of the Dirac oscillator in the spinning cos-
mic string spacetime in the presence of a uniform field and
the Aharonov-Bohm potential. Before this, we present some
elements necessary for the construction of such an equation in
curved space-time. Let us begin with the Dirac equation in a
generic curved spacetime
[iγµ (x) (∂µ + Γµ (x) + ieAµ(x))−M ] Ψ (x) = 0, (1)
where γµ (x) are the Dirac matrices in the curved space and
M represents the particle mass. The Dirac matrices are related
to their counterparts in the Minkowski spacetime, γa, by the
relation
γµ (x) = eµa (x) γ
a, (2)
being eµa(x) the tetrad fields. Explicitly, the Dirac matrices in
the flat space are given by
γa =
(
γ0, γi
)
, (3)
with
γ0 =
(
1 0
0 −1
)
, γi =
(
0 σi
−σi 0
)
, (4)
where σi = (σx, σy, σz) are the standard Pauli matrices. The
matrices (2) obeys the following algebraic property:
{γµ (x) , γν (x)} = 2gµν (x) . (5)
The tetrad field satisfies the following relations:
eaµ (x) e
b
ν (x) ηab = gµν (x) , (6)
eaµ (x) e
b
ν (x) = δ
b
a, (7)
eµa (x) e
a
ν (x) = δ
ν
µ, (8)
where ηab and gµν are the metric tensor for the Minkowski
space and the curved space, respectively. Here, the Latin let-
ters refer to Minkowski indices while the Greek letters are
related to the curved coordinates. Finally, the quantity Γµ (x)
in Eq. (1) represents the spin affine connection, which has the
form
Γµ (x) =
1
4
γaγbeνa (x)
[
∂µebν (x)− Γσµνebσ (x)
]
, (9)
with Γσµν being the Christoffel symbols of the second kind.
We have all the elements we need to write the Dirac equa-
tion in curved spacetime. Now, let us specialize to the spin-
ning cosmic string spacetime, whose line element (written in
cylindrical coordinates) is given by
ds2 = (dt+ adϕ)
2 − dr2 − α2r2dϕ2 − dz2, (10)
3where −∞ < z < ∞, r > 0 and 0 6 ϕ 6 2pi. Also, the
parameter α is associated with the linear mass density µ fol-
lowing the relation α = 1− 4µ, and it is defined in the range
(0, 1]. The presence of rotation is characterized by the param-
eter a = 4J , and J is the angular momenta of the cosmic
string. The next quantity we need to define is the tetrad field.
We use the tetrad basis and its inverse given by [50]
eaµ (x) =
 1 0 a 00 cosϕ −rα sinϕ 00 sinϕ rα cosϕ 0
0 0 0 1
 , (11)
eµa (x) =

1 a sinϕrα −a cosϕrα 0
0 cosϕ sinϕ 0
0 − sinϕrα cosϕrα 0
0 0 0 1
 . (12)
By using these tetrad fields, it can be demonstrated the unique
non-vanishing contribution to the affine connection is found
to be
Γµ = (0, 0,Γϕ, 0) , (13)
with
Γϕ =
i
2
(1− α) Σz, (14)
and
Σz =
(
σz 0
0 σz
)
, σz =
(
1 0
0 −1
)
. (15)
Note that the spin connection Γµ is identically null if α = 1.
The tetrad basis (12) must be used to obtain the Dirac matrices
(2) in the spacetime of the spinning cosmic string. In this
representation, such matrices are explicitly written as
γt = γ0 − aγϕ, (16)
γr =
(
0 σr
−σr 0
)
, γϕ =
(
0 σϕ
−σϕ 0
)
. (17)
Here, we use the representation
σr =
(
0 e−iϕ
e+iϕ 0
)
, σϕ =
1
rα
(
0 −ie−iϕ
ie+iϕ 0
)
(18)
for the Pauli matrices in the curved spacetime. To describe
the Dirac oscillator in the presence of a magnetic field and
Aharonov-Bohm potential, we consider the minimal substitu-
tion procedure. To include the oscillator, we use the substitu-
tion
p→ p− iMωγ0r = −i∇− iMωγ0r. (19)
In the present model, the particle is subject to the following
field configuration:
B = Bz,1 +Bz,2, (20)
being
B1,z = B, Bz,2 = φ
δ(r)
αr
(21)
the contributions due the uniform field and the Aharonov-
Bohm effect, respectively. The above field configuration is
the result of the superposition of potential vectors
A = (0,−αrAϕ, 0) , (22)
Aϕ = Aϕ,1 +Aϕ,2, (23)
Aϕ,1 =
Br
2
, Aϕ,2 =
φ
αr
, (24)
where B is the amplitude of the uniform magnetic field,
φ = Φ/Φ0 is related to the Aharonov-Bohm flux, which Φ
represents the magnetic flux and Φ0 = 2pi/e is the quantum
of magnetic flux. We are interested in studying the quantum
particle motion in the region r > 0. Then, in this case, the
particle does not interact directly with the field Bz,2, despite
the fact it will suffer the influence of the Aharonov-Bohm
flux. As a consequence, we deal only with regular solutions
to the wave functions. Also, it is important to note that the
system has translational invariance in the z-direction, in such
a way we can exclude the z degree of freedom by imposing
pz = z = 0, resulting in a planar dynamics [52–55]. Thus,
using the stationary solution of energy E,
Ψ (r, ϕ) = e−iEt
(
ψ1 (r, ϕ)
ψ2 (r, ϕ)
)
, (25)
the Dirac equation (1) assumes the following form:
(E −m)ψ1 + σr (i∂r − iMωr)ψ2
+ σϕ
(
i∂ϕ + eAϕ − aE − s
2
(1− α)
)
ψ2 = 0, (26)
(E +m)ψ2 + σ
r (i∂i + iMωr)ψ2
+ σϕ
(
i∂ϕ + eAϕ − aE − s
2
(1− α)
)
ψ1 = 0. (27)
From these equations, we can derive both second-order equa-
tions for the components ψ1 and ψ2 of the spinor. Here, for
reasons that will be clarified later, we consider only the upper
component ψ1. This is accomplished in the next section.
III. SOLUTION OF THE EQUATION OF MOTION
In this section, we shall solve the second-order equation for
ψ1 derived from Eqs. (26) and (27) to obtain the wave func-
tions and energy eigenvalues and then make a detailed analy-
sis of the energy spectrum as well as its physical implications
in connection with other physical systems. Then, adopting
4Coulomb’s gauge, the relevant equation is(
E2 −M2)ψ1 + ∂2rψ1 + 1r ∂rψ1 + 1α2r2 ∂2ϕψ1
− 1
α2r2
e2 (Aϕ,1 +Aϕ,2)
2
ψ1 − 1
4α2r2
(1− α)2 ψ1
− 1
α2r2
a2E2ψ1 − 1
α2r2
2ie (Aϕ,1 +Aϕ,2) ∂ϕψ1
+ 2
1
αr
(1− α)
2
1
αr
e (Aϕ,1 +Aϕ,2)σ
zψ1 +
2aE
α2r2
i∂ϕψ1
+
2
α2r2
1
2
(1− α) i∂ϕσzψ1 + 1
αr
σze [∂r (Aϕ,1 +Aϕ,2)]ψ1
+
2aE
α2r2
e (Aϕ,1 +Aϕ,2)ψ1 − 2aE
α2r2
1
2
(1− α)σzψ1
+ 2Mωψ1 − 2Mω 1
α
σzi∂ϕψ1 − 2Mω 1
α
σzeAϕψ1
+Mω
1
α
aEσzψ1 +
1
α
σzaEMωψ1 −M2ω2r2ψ1
+ 2Mωs
1
2α
(1− α) sψ1 = 0. (28)
Equation (28) describes the motion of the Dirac oscillator in
the presence of a uniform magnetic field and the Aharonov-
Bohm potential in metric space-time (10), i.e., under topolog-
ical and noninertial effects. We can note that ψ1 in Eq. (28) is
an eigenfunction of σz , with eigenvalues s = ±1. Then, we
can write σzψ1 = ±ψ1 = sψ1. Moreover, keeping in mind
that ψ1 is a bispinor and taking into account the structure of
the matrices (16) and (17), we adopt the solutions with the
form
ψ1 (r, ϕ) =
(
ψa (r, ϕ)
ψb (r, ϕ)
)
=
(
eimϕf (r)
iei(m+1)ϕg (r)
)
. (29)
Since we are only interested in regular solutions at the ori-
gin, we neglect the quantity 1αrσ
ze [∂r (Aϕ,2)]ψ1 in Eq. (28).
Thus, substituting (29) in Eq. (28) together with Eqs. (24)
and (21) and reorganizing the terms, we obtain the following
second order differential equation for f(r):(
d2
dr2
+
1
r
d
dr
− L
2
α2r2
−M2Ω2r2 + ε
)
f (r) = 0, (30)
where
L = `+ aE, with ` = m− φ+ s
2
(1− α) (31)
is the effective angular momentum,
Ω = ω +
sωc
2
, (32)
is the effective frequency, with ωc = eB/M defining the cy-
clotron frequency, and
ε = E2 −M2 + 2MΩ
(
1 +
sL
α
)
. (33)
Note that there is also a similar second-order differential equa-
tion for g(r). However, such an equation only differs from
(30) by its angular momentum quantum number m through
the mappingm→ m+1, which would result in an equivalent
equation and, consequently, presenting the same form for the
energy eigenvalues. It can be shown through a simple change
of variables that Eq. (30) can be written in the form of a con-
fluent hypergeometric differential equation, whose solution is
well known. Thus, the non-normalized solution for ψa (r, ϕ)
is
ψa (r, ϕ) = Cnm (MΩ)
1
2+
|L|
2α r
|L|
α e−
1
2 MΩr
2
eimϕ
× 1F1
(
1
2
(
1 +
|L|
α
)
− ε
4MΩ
, 1 +
|L|
α
, MΩr2
)
, (34)
where 1F1 (a, b, z) denotes the confluent hypergeometric
function of the first kind or Kummer’s functionM(a, b, z) and
Cnm the normalization constant. The hypergeometric func-
tion 1F1 (a, b, z) has various important properties to assist us
in our description. One of them emerges from studying the
asymptotic behavior of the solution (34) when we search for
bound state solutions, which reveals a divergent behavior for
large values of its argument, namely
1F1 (a, b, z) ≈Γ (b)
Γ (a)
ezza−b
[
1 +O
(
|z|−1
)]
. (35)
Because of this divergent behavior of the function 1F1 (a, b, z)
for large values of its argument, bound states solutions can
only be obtained by imposing that this function becomes a
polynomial of degree n, where n ∈ Z∗, with Z∗ denoting the
set of the nonnegative integers. This is established by requir-
ing that
1
2
(
1 +
|L|
α
)
− ε
4MΩ
= −n, (36)
which allows us to write the bound state solutions in the form
ψa (r, ϕ) = Cnm (MΩ)
1
2+
|L|
2α r
|L|
α e−
1
2 MΩr
2
eimϕ
× 1F1
(
−n, 1 + |L|
α
, MΩr2
)
. (37)
Analyzing Eq. (36), we see it depends on energy through the
absolute value of the effective angular moment L. Then, to
extract the expression for the energy eigenvalues to the os-
cillator, we must solve the condition (36) for E considering
|L| > 0 and |L| < 0, respectively. For each case, we obtain
E(>)nm = −
MΩa
α
(s− 1)± 1
α
√
X, (|L| > 0) (38)
E(<)nm = −
MΩa
α
(s+ 1)± 1
α
√
Y , (|L| < 0) (39)
with
X = 2MΩα (2nα− ` (s− 1)) + α2M2
+ a2M2Ω2(s− 1)2, (40)
Y = 2MΩα (2nα− ` (s+ 1)) + α2M2
+ a2M2Ω2(s+ 1)2. (41)
5These energies constitute the energy spectrum of the Dirac
oscillator for the model in question and such a model is a gen-
eralization of the address in Ref. [50] for the case where we
have the presence of external magnetic fields. To make the ap-
proach more transparent, we use the superscripts (>) and (<)
in Eqs. (38) and (39) to label the energies corresponding to the
respective cases above. For such equations, we can study in
detail both the positive and negative energies of the particle.
A first analysis reveals that they depend on all the physical
parameters involved in the problem. Depending on the choice
we make for the parameters, these energies provide exotic and
interesting results. This is related to the fact that even a small
change in any of these parameters can imply an abrupt change
in the profile of the energy spectrum. To understand how rota-
tion, Aharonov-Bohm flow, uniform field, and curvature affect
the oscillator’s energy levels, we opt to study some particular
configurations, which are defined from the choice for the set
of parameters. In principle, we can analyze these energies
seeking to access their most relevant properties, such as the
profile for strong and weak fields, high and low rotations, etc.
It is immediate to see that by making s = ±1 in Eqs. (38) and
(39), we obtain
E(>)nm = ±
√
4nMΩ +M2, (42)
E(<)nm = −
2MΩa
α
± 1
α
√
4a2M2Ω2 + 4MΩα (nα− `) + α2M2, (43)
for s = 1, and
E(>)nm =
2MΩa
α
± 1
α
√
4a2M2Ω2 + 4MΩα (nα+ `) + α2M2, (44)
E(<)nm = ±
√
4nMΩ +M2, (45)
for s = −1. In the discussions below we use M = 1.
We can clearly see that the energies (42) and (45) are sym-
metrical for any n and Ω. In the case of Eq. (42), |E| in-
creases when n increases (Fig. 1. If we make ωc = 0 in
n = 1
n = 2
n = 3
0 2 4 6 8 10
-10
-5
0
5
10
ω
Enm
(>)
FIG. 1. Energy levels E(>)n (Eq. (42)) as a function of ω for s = −1
and M = 1.
FIG. 2. (Color online) Profile of E(>)n (Eq. (44)) as a function of n
and m. In panel (a), a = 0.1, α = 0.4, φ = 1, ω = 3 and ωc = 2
while in panel (b), a = 0.1, α = 0.2, φ = 5, ω = 3 and ωc = 9.9.
Eqs. (42) and (45), we recover the result (48) from Ref. [50].
The most careful analysis to be made here refers to energies
(43) and (44). The analysis of these energies reveals they
have similar spectrum. This way, we prefer to examine en-
ergy (44). It can be shown that this energy is conditioned to
4a2M2Ω2 + 4MΩα (nα+ `) + α2M2 > 0. This condition
combined with the quantity (2MΩa)/α is the key to under-
standing the results. One of the most fascinating manifesta-
tions here is the existence of non-permissible energy states.
For example, for a = 0.5, M = 1, α = 0.5, φ = 2, ω = 2
and ωc = 2, the energies as a function of m and n show that
states with m > 0 are forbidden (Fig. 2(a)). When we ex-
amine the profile of (44) as a function of ω and ωc, we note
other impressive characteristics. The sketch as a function of
ω for m = −2, a = 0.5, α = 0.5 and φ = 0.2 reveals
the existence of forbidden energy states for some values of ω
(Fig. 3(a)). In the range 2.0 < ω < 4.8, no energy state is
permissible. One can show that for m = −3 and m = −4
(maintaining the other parameters) this interval increases un-
til the spectrum completely assumes the profile of the region
with ω < 2. In this region, there is an inversion between
the energy levels, i.e., the higher energy states are those with
n = 0, n = 1, n = 2, respectively. In other words, |E|
decreases when n increases. This effect, however, is being
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FIG. 3. Sketch of the energy levels E(>)n (Eq. (44)) as a function of
ω for s = −1 andM = 1. In panel (a), m = −2, a = 0.5, α = 0.5,
φ = 0.2 and ωc = 4. In panel (b), m = 5, a = 0.4, α = 0.5, φ = 9
and ωc = 10. In panel (c), m = 5, a = 0.4, α = 0.5, φ = 1 and
ωc = 0.1.
undone when ω approaches 2. For ω > 4.8, the opposite ef-
fect occurs, i.e., |E| increases when n increases. Note that the
forbidden energy range increases from the most energetic to
the least energetic states. When both φ and ωc are increased
and m = 5, the interval of ω giving nonpermissible energies
is increased (Fig. 3(b)). For weak magnetic field, φ = 1 and
m = 1, |E| increases when n increases 3c)). As we can see
in figure 3, the energy is not symmetrical like in Fig. 2. This
characteristic is a physical implication due to noninertial ef-
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FIG. 4. Sketch of the energy levels E(>)n (Eq. (44)) as a function
of ωc for s = −1 and M = 1. In panel (a), m = −2, a = 0.5,
α = 0.5, φ = 0.2 and ω = 2. In panel (b), m = −1, a = 0.1,
α = 0.5, φ = 0.2 and ω = 0.2. In panel (c), m = 6, a = 0.5,
α = 0.5, φ = 0.2 and ω = 2.
fects on the electron motion. At least for the parameter values
that we consider, the energy profile as a function of ωc (Fig.
4) also displays some effects equivalent to the profile of Fig.
3. For m = −2, a = 0.5, α = 0.5, ω = 2 and φ = 0.2,
|E| increases when n is increased (Fig. 4(a)). For this con-
figuration, the range of physically acceptable energies starts
from ω = 3.8, corresponding to the energy state with n = 2.
Next to this value, an inversion between energy states occurs
rapidly when ω is increased, which leads to a new energy con-
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FIG. 5. Sketch of the energy levels E(>)n (Eq. (44)) as a function of
a for s = −1 and M = 1. In panel (a), m = 2, α = 0.5, φ = 2,
ω = 2 and ωc = 3. In panel (b), m = −1, α = 0.5, φ = 1, ω = 2
and ωc = 0.1. In panel (c), m = −1, α = 0.5, φ = 9, ω = 2 and
ωc = 9.9.
figuration, where the states with higher energy are those start-
ing with n = 0, etc. When we access the energy state with
m = −1 for ω = 0.2, a = 0.1 and maintaining the other pa-
rameters, the range of allowed energies includes all values of
ω (Fig. 4(b)). This allows us to affirm that for smaller values
of a, both particle and anti-particle tend to access all energy
states. On the other hand, this configuration changes when we
consider m = 6, a = 0.5, α = 0.5, ω = 2 and φ = 0.2, re-
vealing the profile of fig. 4(c). In this case, |E| increases when
n is increased, however, it decreases when w is increased.
When we investigate the behavior of the energy as a func-
tion of a, forbidden energy intervals are also observed, with
other curious features (Fig. 5). For example, for the choice
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FIG. 6. Sketch of the energy levels E(>)n (Eq. (44)) as a function of
α for s = −1 and M = 1. In panel (a), m = 1, a = 0.6, φ = 4,
ω = 3 and ωc = 2. In panel (b), m = 1, a = 0.1, φ = 1, ω = 1
and ωc = 0.1. In panel (c), m = 1, a = 0.1, φ = 6, ω = 4 and
ωc = 9.8.
m = 2, α = 0.5, ω = 2 and φ = 2 and ωc = 3, except the
state with n = 0, we see that |E| increases when n increases
(Fig. 5(a)). This profile changes when we adopt the parame-
tersm = −1, α = 0.5, ω = 2 and φ = 1 and ωc = 0.1, where
energies are now allowed only for a > 0.55 (Fig. 5(b)). The
result of this profile is the change of state with m = 2 to
m = −1. The change from ωc = 3 to ωc = 0.1 has only the
effect of increasing the nonpermissible energy range. A third
configuration (making ωc = 9.9, φ = 9 and keeping the other
parameters fixed) shows an indifference between the energy
states, but we still observe the increase of |E| (Fig. 5(c)).
Now, we discuss the behavior of (44) as a function of α.
By controlling α, we can access localized energy states for an
8appropriate choice of the other parameters (Fig. 6). In Fig.
6(a), energy states with m = 1, a = 0.6, φ = 4, ω = 3
and ωc = 2 are depicted. For the state with n = 2, which is
the largest energy state, a critical value of ω at 0.25 occurs.
Clearly, we see that significant values of α lead to localized
energy states. If we change the configuration to a = 0.1,
φ = 1, ω = 1 and ωc = 0.1, the insignificant curvature range
is now located to the left of the spectrum, with a critical value
occurring at α = 0.15, which delimits the state with n = 2
(Fig. 6(b)). For this configuration, |E| increases when n and
α are increased. We also observe that a inversion between
states occurs in Fig. 6(b) when we keep m and a and use
φ = 6, ω = 4 and ωc = 9.8 (Fig. 6(c)). Similarly to the
others cases we saw above, this configuration also shows that
|E| decreases when n and α are increased. In addition, we
also see a reduction of the space between the energy levels.
FIG. 7. (Color online) Sketch of E′nm (Eq. 48)) as a function of n
and m for the fixed parameters a = 0.1, α = 0.5, φ = 3, ω = 6 and
ωc = 7. In panel (a), s = 1 and, in panel (b), s = −1.
In the particular case when the system is not under rotation,
the effective angular momentum L in Eq. (31) is no longer
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FIG. 8. (Color online) Sketch of E′nm (Eq. (44)) as a function of ω
for the fixed parameters α = 0.1, φ = 3, m = 3 and ωc = 3. In
panel (a), s = 1 and, in panel (b), s = −1.
dependent on energy. In this way, the condition (36) becomes
1
2
(
1 +
|`|
α
)
− ε
′
4MΩ
= −n, (46)
with
ε′ = E′2 −M2 + 2MΩ
(
1 +
s`
α
)
, (47)
where ` is given in Eq. (31). By resolving (46) to E′, we
obtain
E′nm = ±
√
2MΩ
(
2n+
1
α
(|`| − `s)
)
+M2. (48)
We see that the energies (48) depend on all the physical pa-
rameters involved. In Fig. (8) we show the profile of E′nm as
a function of n andm. Clearly, we see that the particle and an-
tiparticle energies increase when n is increased. An important
question that should be mentioned is that when we study the
spectrum (48), we find that for certain parameter values we
obtain E = ±M , which do not belong to the set of eigenval-
ues of the Eq. (28) and, consequently, in the present case. This
9can be checked considering the parameters a = 0.1, α = 0.2,
φ = 4, ω = 1, ωc = 2 and s = −1. It can also be verified that
by the change a = 4, α = 0.7, φ = 10, ω = 1 and ωc = 9 in
Fig. 8(a), the spectrum completely assumes the appearance as
we see for states with m > 3 for any value of m.
IV. CONNECTION WITH CONDENSED MATTER
PHYSICS
A curious feature involving the energy spectrum we have
obtained in the previous section is related to some similar-
ities with condensed matter physics. Then, in this section,
we explore these similarities. It is known that graphene
physics has been working as a bridge between condensed mat-
ter physics and relativistic quantum mechanics because, in the
low-energy approximation, it is possible to consider that the
charge carriers in such material obey an effective Dirac equa-
tion for massless particles [56]. This subject has inspired other
developments, both in the search for the fabrication of novel
materials, as well as novel theoretical predictions. Similarly to
graphene, the materials known as topological insulators also
have some features involving analogies with the Dirac theory.
Topological insulators have attracted expressive attention, due
to their exotic properties. A remarkable characteristic of such
materials is the fact they have an insulating gap in the bulk,
while the edge or surface states are gapless [57]. In this con-
text, we can take a look at the model introduced by Bernevig,
Hughes and Zhang, namely, the BHZ model, describing a type
of two-dimensional topological insulator [57, 58]. In the BHZ
model, the bulk energy spectrum is given by
E± = (k)±
√
A2(k2x + k
2
y) +M
2(k), (49)
with
(k) = C−D(k2x+k2y), M(k) = M −B(k2x+k2y). (50)
The signs (±) in Eq. (49) refers to the energies of electron-
like and hole-like bands. In these expressions, A, B, C and
D are material parameters, kx, ky are the components of the
momentum k and M is the mass parameter. The dispersion
relation of BHZ model is similar to the energies (43) and (44).
The first term of these expressions, which has a dependence
on the rotation parameter, is the analog of the term (k) in Eq.
(49).
In the BHZ model, the mass parameter is a function of
kx and ky . In the energies (43) and (44), we have a similar
term inside the square root involving the square of the mass,
namely, M2[4a2Ω2 + α2]. Thus, in both models, the effec-
tive mass parameter in the square root depends on properties
of the system: in the BHZ model, it is a function of the mo-
mentum kx, ky while in our model, the mass parameter shows
up jointly with the rotation and curvature parameters. In this
way, the presence of the rotation makes possible the compar-
ison between the energy spectrum of the BHZ model and the
energy of the Dirac oscillator derived here. The energy in the
BHZ model can either increase or decrease, with respect to
the “quantum numbers” kx and ky .
In the usual Dirac oscillator, i.e, without noninertial effects
and other interactions, the energy increases as a function of the
quantum number n. On the other hand, we have shown here
that the combination of noninertial and topological effects as
well as the magnetic interactions can modify the hierarchy of
the energy levels in some cases. For instance, in the cases de-
picted in Figs. 3(a) 3(b), we observe the existence of a region
where the energy decreases in relation to n (an inversion of
the energy levels). Thus, in our model, the energy can either
increases or decreases, as a function of the quantum number
n. Also, while in the model described here we verify an inver-
sion of the energy levels, in the case of topological insulators,
in some situations, it is possible to observe an inversion of the
electron-like and hole-like energy bands [57, 59].
Another relevant point in this comparison refers to the en-
ergy gap. While the gap between the energies bands of elec-
trons and holes in the context of Condensed Matter systems
depends on the materials parameters, in our case, the gap
between particle and antiparticle states depends on parame-
ters related to rotation, curvature, and magnetic field and the
Aharonov-Bohm potential.
V. CONCLUSIONS
In this article, we have investigated how the combination of
non-inertial and topological effects modify the energy levels
of the two-dimensional Dirac oscillator in the presence of a
uniform magnetic field and the Aharonov-Bohm effect. We
have obtained the Dirac equation describing the Dirac oscilla-
tor spinning cosmic string spacetime in the presence of such a
configuration of magnetic fields. The resulting motion equa-
tion revealed that the effective angular moment of the particle
explicitly depends on its energy. This fact is a physical impli-
cation due to the rotation of the spacetime in which the parti-
cle lives. To avoid the singular potential coming from∇×A,
we have solved the eigenvalue equation in the r 6= 0 region.
We have derived the eigenfunctions and the corresponding en-
ergy spectrum for the problem. The eigenfunctions are given
in terms of the confluent hypergeometric function. Concern-
ing the energy spectrum, because of its explicit dependence on
the effective angular moment of the particle, the eigenvalues
problem provides two expressions (Eqs. (38) and (39)). Such
expressions are similar, but with different validity intervals.
We studied these energies and verified that the presence of the
rotation conceives to the energy spectrum the presence of ex-
otic characteristics. The combined effect involving rotation,
curvature and external fields reveals that the energy spectrum
can present different behaviors. An immediate study showed
that the projection element of spin leads to the energies (42),
(43), (44) and (45). This particularity revealed that the ener-
gies (42) and (45) depend only on the frequency of the oscil-
lator ω, the magnetic field B and the quantum number n and,
therefore, exhibiting symmetric shape (Fig. 1). Because of
the similarity between the energies (43) and (44), we prefer
to investigate only (44). The reason for this is that after sev-
eral analyses of (43), we have found profiles similar to (44),
changing only the intensity of the energies. Our investigation
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was centered on the combined effects between the element
of spin s and the parameters describing rotation, curvature,
magnetic field, and the Aharonov-Bohm flux. We have stud-
ied the energy profile (44) in several aspects. In some cases,
the shape of the energy spectrum can be drastically modified
by changing the physical parameters of the system. This oc-
curred when we analyzed its profile as a function of ω (Figs.
3(a)-(b)), where we have verified an inversion between states
and a range of ω with prohibited energies. The parameters
can be controlled in such a way that no energy state is absent
(Fig. 3(c)). In all cases analyzed, we identified the intervals
of the parameters that result in forbidden energies by the col-
ored parts highlighted in the figures that presented these char-
acteristics. We have also found inversion between states in
the energy profile as a function of the cyclonic frequency ωc
(Figs. 4(a)-(b)), as a function of rotation (Fig. 5(b)) and as a
function of curvature (Fig. 6(c)). In all cases where the inver-
sion effect between states occurred, |E| decreases when n is
increased. In other cases, |E| increases as n increases. In the
particular case without the presence of rotation, we recover
the symmetrical form of the energy levels as it occurs in the
Landau relativistic quantization (Fig. 8). However, even in
the absence of rotation, we verified the presence of prohibited
energies when we investigated their profile as a function of the
frequency ω of the oscillator. This effect occurs because of the
presence of the element of spin s in the effective frequency Ω
(Eq. (32)).
The complexity inherent to the model addressed in this ar-
ticle has allowed us (in some situations) to notice some simi-
larities between the energies found here and the energy spec-
trum of a Topological Insulator. This similarity between such
models can serve as motivation to study models in relativis-
tic quantum mechanics in rotating frames with applications in
condensed matter physics.
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